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SUMMARY 
Values  for  stability  and  control  parameters  have  been  determined  by  use of 
the  equation  error  method  and  the  maximum  likelihood  method  from  maneuvering 
flight  data  for  a  low-wing,  single-engine,  general  aviation  airplane.  The  air- 
plane  responses  were  excited  from  steady  flights  at  different  airspeeds  using 
the  stabilator,  aileron,  and  rudder  deflections.  The  model  of  the  air.plane is . 
based on the  equations  of  motion  with  the  linear  aerodynamics.  From  the  repeated 
measurements,  the  two  standard-deviation  confidence  intervals  for  the  estimated 
parameters  were  established.  These  bounds  are  used  for  the  comparison  of  param- 
eters  determined  by  both  methods  and  also  for  the  assessment  of  an  effect  of  dif- 
ferent  input  forms  and  power  settings.  The  static  parameters  are  also  compared 
with  results  from  steady  flights.  Using  these  comparisons,  the  best  values  of 
estimated  parameters  were  determined  and  their  accuracies  specified. 
INTRODUCTION 
The  National  Aeronautics  and  Space  Administration s currently  involved  in 
extensive  general  aviation  stall-spin  studies.  During  the  research  program, 
several  airplanes  have  been  tested  in  the  wind  tunnel  and  in  flight,  and  more 
tests  with  other  airplanes  are  anticipated.  In  undertaking  the  stall-spin 
research,  the  airplane  dynamics  in  prestall  regimes  must be understood.  For 
that  reason  part  of  the  overall  program  includes  the  measurement of  airplane 
transient  maneuvers  for  the  extraction  of  a  complete  set of tability  and  con- 
trol  parameters.  These  parameters  include  aerodynamic  derivatives  and  the  Val- 
ues of aerodynamic  coefficients  corresponding  to  steady  flight  conditions. 
There  have  been  several  previous  attempts  using  systems  identification  to 
determine  parameters  of  general  aviation  airplanes  from  unsteady  measurements. 
These  attempts  differ  in  the  amount  of  data  available,  estimation  techniques, 
and  Verification  of  results  obtained.  In  reference 1 the  equation  error  method 
(regression  analysis) is applied  to  measured  longitudinal  data  corresponding 
to good  excitation  of  the  long-  and  short-period  modes.  The same  technique 
is used  in  reference 2 for  the  determination  of  the  lateral  derivatives  from 
flights  with  different  values  of  thrust  coefficients.  The  equation  error  method, 
based on  a  least-squares  'technique,  is  very  attractive  because  of  its  simplicity. 
It can be easily  applied  to  each  of  the  equations  of  motion  separately  and  pro- 
vides  direct  estimates  of  the  unknown  parameters.  The  resulting  estimates  are, 
however,  biased as  a  consequence  of the  measurement  errors  in  the  input  and  out- 
put  variables. 
A second  procedure  used  in  airplane  parameter  estimation is the output error 
method.  Because  it  usually  uses  the  maximum  likelihood  estimation,  it is often 
called  the  maximum  likelihood  method.  The  airplane  longitudinal  and  lateral  aero- 
dynamic  parameters  obtained  by  this  method  are  presented  in  references 3 a d 4 
and  are  compared  with  aerodynamic  derivatives  obtained  from  wind-tunnel  tests 
and  theoretical  predictions. The  maximum  likelihood  estimates  are  theoretically 
superior t o  those obtained from the equation error method.  These estimates are 
asymptotically unbiased, consistent, and eff ic ient ,  provided that the model  of 
an airplane is correct and the input variables are measured without errors. 
However, the maximum likelihood method applied to the problem mentioned is time 
consuming because of its i terative nature and because a l l  equations of motion 
considered enter the estimation algorithm. I n  sane  experiments,  small  variances 
of the measurement noise, unknown modeling errors,  and a limited number  of data 
points could substantially reduce the superiority of the maximum likelihood 
method to  the equation error method. Under these conditions, both methods might 
provide identical values for the estimated parameters. Detailed description and 
comparison of both methods can be found i n  references 5 and 6. 
The purpose of t h i s  report is to  document estimates of the s tabi l i ty  and 
control parameters for one of the general aviation airplanes involved i n  the 
stall-spin program. The parameters are extracted from longitudinal and la te ra l  
maneuvers ini t ia ted from steady f l i g h t s  at different airspeeds. The airspeed 
range extends from the minimum airspeed a t  which the airplane can s t i l l  be  maneu- 
vered to  the maximum airspeed i n  horizontal flight. The  two methods already men- 
tioned were applied to measured f l i g h t  data i n  an attempt to obtain more accurate 
values of the s t ab i l i t y  and control parameters for the test airplane. 
T h i s  report first describes the test airplane, instrumentation, f l i g h t  t es t s ,  
and data  reduction. Then the mathematical model  of the airplane is introduced, 
and the estimation methods are outlined. The resul ts  from both methods are then 
compared. The s t a t i c  parameters are also compared w i t h  the results obtained 
from steady f l i g h t s .  Last, the effect of input form and  power sett ing i n  the 
estimated parameter values is demonstrated, the best values of parameters are 
determined, and their accuracies are specified. 
SYMBOLS 
A wing aspect  ratio 
= ac,, 
aX,ay,aZ reading of longitudinal,  lateral ,  and vertical  accelerometer,  respec- 
t ively,  g u n i t s  
b wing span, m 
constant  bias  error i n  variable y 
CD drag coefficient , D/qS 
CL 
CL, t l i f t  coefficient of t a i l ,  Lt/+ 
C l  rolling-moment coefficient , MX/GSb 
%I pitching-manent coefficient , My/iSc 
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Cn yawing-moment  coefficient, MZ/GSb 
CT thrust  coefficient , T/qS 
CX longitudinal-force  coefficient, Fx/GS 
CY lateral-force  coefficient, F~/;s 
cz vertical-force  coefficient, FZ/+ 
C wing  mean  aerodynamic  hord,  m
D drag, N 
F = chno/ln 
- 
Fx,Fy,FZ forces along X, Y, and Z body axes, respectively, N 
F1 rF2 terms  in  equations  of  motion  defined  by  equations (A19) and (A20) 
f( 1 function which represents state-equation model 
9 acceleration  due  to gravity,  m/sec2 
g( 1 function which represents output-equation model 
H sensitivity  matrix
*n stick-fixed  c nter-of-gravity  margin 
h distance of center of gravity aft of leading edge of wing mean chord 
expressed  in  percent  of c 
- 
hno  distance  of  aerodynamic  center  aft of leading  edge of wing  mean  chord 
expressed  in  percent of c 
-
Ix,Iy,Iz moment of inertia  about X, Y, and Z body  axes,  respectively,  kg-m2 
Ixz product  of inertia,  kg-m2 
J cost  function 
j = f i  
KO term  defined  by  equation (B16) 
kga,kgr,klnB,knlB  terms  defined  by  equations (B17) to (B19) 
L lift, N 
distance  of  aerodynamic  center  of  tail  aft  of  aerodynamic  center  of 
airplane  without  tail,  m 
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I t   d i s t a n c e   o f  a e r o d y n a m i c   e n t e r   o f  t a i l  a f t   c e n t e r   o f   g r a v i t y ,  m 
M Fishe r   i n fo rma t ion   ma t r ix  
Mx,My,Mz rol l ing,   p i tching,   and  yawing  moments ,   respect ively,  N-m 
m mass, kg 
m j   main  diagonal  element of t h e  M m a t r i x  
N number o f  data p o i n t s  
n  measurement  noise  vector 
-b 
P roll ra te ,  rad/sec or deg/sec 
p(S/& l i k e l i h o o d   f u n c t i o n  
9 p i t c h  ra te ,  rad/sec or deg/sec 
9 0  number of unknown parameters 
- 1 
2 
9 dynamic  pressure,  -pV2, N/m2 
R measurement   noise   covariance  matr ix  
r yaw rate ,  rad /sec  or deg/sec 
S wing area,  m2 
S t  t a i l  area, m 2  
s (Y)  s t anda rd  error of v a r i a b l e  y 
s j j  
T t h r u s t ,  N 
main  diagonal   e lement  of t h e  M-l m a t r i x  
t time, sec 
U i npu t   vec to r  
-b 
U l V l W  v e l o c i t y   a l o n g  X, Y, and Z body a x e s ,   r e s p e c t i v e l y ,  m/sec 
V a i r p l a n e  t o t a l  v e l o c i t y ,  m/sec 
4 
V i  i n d i c a t e d   a i r s p e e d ,  knots  
VT modif ied t a i l  volume de f ined  by equat ion  (B3) 
+ 
X s t a t e   v e c t o r  
% r Y a  x- and  y-coordinates   of   angle-of-at tack  vane  re la t ive to  a i r p l a n e  
center o f  g rav i ty ,  m 
XB ZB x- and   z - coord ina te s   o f   s ides l ip   vane   r e l a t ive  to a i r p l a n e   c e n t e r   o f  
g r a v i t y ,  m 
-+ 
Y output   vec tor  
-t 
z measurement  vector 
c1 angle  of a t tack ,   rador   deg  
a, ang le  of at tack  measured by wind vane,  rad  or  eg 
B s i d e s l i p   a n g l e ,   r a d   o r d e g
Bv s ides l ip   ang le   measu red  by wind  vane,  rad ordeg 
6 a   a i l e r o n   d e f l e c t i o n   ( o n e - h a l f  of sum of l e f t   a i l e r o n   d e f l e c t i o n   a n d  
r i g h t  a i l e r o n  d e f l e c t i o n ) ,  r a d  
6 e   s t a b i l a t o r   d e f l e c t i o n ,   r a dr   d e g  
6r   rudder   f lec t ion ,   rad   o r   deg
6, t r im   t ab   de f l ec t ion ,   r ad   o rdeg  
8 downwash ang le  a t  t a i l ,  rad  or  deg 
0 unknown parameter 
OP 
6 vector   of unknown parameters  
pred ic ted  va lue  of  unknown parameter 
e p i tch   angle ,   rad  or   de
xY 
vY 
P a i r   d e n s i t y ,  kg/m3 
s c a l e   f a c t o r   e r r o r  of v a r i a b l e  y 
r e s i d u a l   o f   v a r i a b l e  y 
0 s t anda rd   dev ia t ion  
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4 bank ang le ,  rad or deg 
@ Y U  p h a s e - a n g l e   c h a r a c t e r i s t i c s   r e l a t i n g  y and u va r i ab le s ,   deg  
w angular   f requency,  rad/sec 
Aerodynamic d e r i v a t i v e s  ( r e f e r e n c e d  to  a system of body a x e s  w i t h  t h e  o r i g i n  
a t  t h e  a i r c r a f t  c e n t e r  of gravi ty ,  which  is l o c a t e d  a t  20.6 pe rcen t  of c ) :  
- 
ac, 
C& = - 
aa 
ac1 
Clr  = - 
a -  r b  
2v 
c2 P 
= -  
Pb a -  
2v 
a cm 
CQ = - 
aa 
2v 2v 
2v 
= -  
.. 
a&, cnr = - a -  r b  
2v 
a CX 
cx, = - 
aa cYP 
- " 
Pb a -  
2v 
6 
1 a2cz 
%,or C&, C&, and Cr;lae defined  in  appendix A (eqs. (A8) to ( ~ 1 1 ) ) .  
Subscripts: 
E measured 
0 tr  immed condition 
t  tail 
Superscripts: 
T transpose  matrix
- 1  inverse  matrix 
A estimated  values 
- 
mean 
derivative  with  respect  to  time 
vector 
-+ 
Abbreviations: 
c.g. center of gravity 
EE equation  err r
ML maximum  l kelihood 
rms  root  mean  square 
TEST AIRCRAFT AND INSTRUMENTATION  SYSTEM 
For this  study,  a  four-place,  low-wing,  single-engine  airplane  was  used. 
The  control  surfaces  included  conventional  ailerons,  rudder,  and  all-movable 
tail  (stabilator).  The  basic  geometric,  mass,  and  inertia  characteristics  are 
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summarized  in  table I. The  moments of inertia  were  measured  for  the  airplane 
in  its  early  test  configuration. The  airplane  was  later  modified by the  instal- 
lation  of  an  onboard  rocket  system  which is used  primarily  for  spin  recovery. 
The  resulting  changes  in  the  airplane  configuration  affected  only  its  mass  and 
inertia  characteristics. New  moments of inertia  were  calculated  from  those  pre- 
viously  measured. 
An  analog  measurement  system  was  installed  in  the  airplane  for  recording 
control  surface  deflections,  stick  and  rudder  forces,  airplane  response  vari- 
ables, and  other  quantities  defining  flight  and  engine  conditions.  Control  posi- 
tion  motions  (input  variables)  were  measured  by  rotary  potentiometers  directly 
attached  to  the  control  surfaces. An orthogonal  triad of linear  accelerometers 
was  rigidly  mounted  on  the  center  line  of  the  cockpit  floor  at  a  location  close 
to  the  allowable  center-of-gravity  range of the  airplane  (fig. 1 ) .  The  sensitive 
axes  of  all  accelerometers  were  alined  to  the  reference  axes  of  the  airplane. 
Incidence  angles  were  measured  by  a  swiveling  vane  mounted  on  booms  ahead 
of  each  wing  tip  (fig. 1 ) .  Because  the  corrected  readings of both  vanes  gave 
identical  results,  only  the  angle-of-attack  and  angle-of-sideslip  data  from  the 
right  vane  were  used  for  the  analysis. The indicated  airspeed  was  obtained  from 
the  airplane's  air  data  system  which  consisted of a  simple  total  pressure  orifice 
located on each  side of the  fuselage.  Total  temperature  was  measured  by  a  sensor 
located on the  top  of  the  fuselage.  The  remainder of the  instrumentation  system 
included  three  rate  gyros,  attitude  gyros,  signal  conditioning,  power  supplies, 
and  tape  recorder.  These  components  were  mounted on a  rack  behind  the  front 
seats  as  shown  in  figure 1. A  summary  of  measured  quantities  used  in  this  study, 
transducers,  and  static  characteristics of  corresponding  channels  is  presented 
in  table 11. The root-mean-square  (rms)  errors  were  estimated  from  recorded 
signals  during  the  preflight  and  postflight  ground  operation  of  the  instrumenta- 
tion  system  with  the  airplane  engine  running.  Both  the  resolution  and  the rms 
errors  are  referred  to  the  digitized  data. 
Table  I11  presents  dynamic  characteristics  of  transducers  used  for  the 
measurement  of  airplane  response.  These  characteristics  were  obtained  from 
dynamic  calibration.  The  equivalent  time  constants  given  in  the  last  column 
of  table  I11  represent  the  approximation  of  the  transducer  dynamics  by  a  first- 
order  system. 
FLIGHT  TEST  AND  DATA  REDUCTION 
Airplane  responses  were  measured  in  six  flights.  Table IV summarizes  per- 
tinent  flight  test  conditions  and  the  average  mass  and  inertia  characteristics 
of  the  airplane  in  these  flights.  Mass  and  inertia  characteristics  for  each 
run  analyzed  were  determined  from  the  airplane  take-off  weight  and  estimated 
fuel  consumption  during  the  flight. 
The  longitudinal  and  lateral  modes  were  excited  separately,  primarily  from 
the  trimmed  level  flights  at  the  airspeeds  listed  in  table  IV.  For  the  investi- 
gation  of  power  effect,  perturbations  were  initiated  from  a  steady  climb  with 
full  power  and  from  a  steady  descent  with  idle  power. 
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I n  l o n g i t u d i n a l  f l i g h t s ,  t h e  i n p u t s  used were stabilator d e f l e c t i o n s  h a v i n g  
the form of  a p u l s e ,  a doub le t ,  or a combina t ion  of  bo th .  In  the  l a te ra l  case, 
bo th  the  rudde r  and  a i l e ron  were applied s imul taneous ly .  Var ious  forms of t h e s e  
i n p u t s  are shown later. I n  a l l  cases, the  a- and B-traces were examined to  
de te rmine  tha t  t he  a tmosphe r i c  t u rbu lence  was n e g l i g i b l e .  
The measured f l i g h t  data were f i l t e r e d  w i t h  a 6-Hz low-pass f i l t e r  and sam- 
p led  a t  t h e  rate of 20 samples per second. The sampled data  were used to pro- 
duce  au tomat ic  da ta  tabula t ions ,  time h i s t o r y  plots, and f i n a l  tape f o r  a i r p l a n e  
parameter e s t ima t ion .   Th i s  tape inc luded   t he   fo l lowing   va r i ab le s :  time, t r u e  
a i r s p e e d ,  i n c i d e n c e  a n g l e s  ( r i g h t  v a n e ) ,  a n g u l a r  v e l o c i t i e s ,  a t t i t u d e  a n g l e s ,  
l i n e a r  a c c e l e r a t i o n s ,  c o n t r o l  s u r f a c e  d e f l e c t i o n s ,  a n d  i n c i d e n c e  a n g l e s  ( l e f t  
vane) . 
T r u e  a i r s p e e d  was ob ta ined  from t h e  i n d i c a t e d  a i r s p e e d  by apply ing  correc- 
t i o n s  f o r  measured p o s i t i o n  error o f  t he  s ta t ic  pressure system and by us ing  
t h e  a i r  d e n s i t y  v a l u e s  computed from the measured a i r  temperature  and s ta t ic  
p r e s s u r e .  The angle-of -a t tack   vane   readings  were c o r r e c t e d  f o r  a i r  upwash by 
a m u l t i p l i c a t i o n  c o n s t a n t .  T h i s  c o n s t a n t  was estimated f rom s t eady  ho r i zon ta l  
f l i g h t s  by compar ing   longi tudina l  accelerometer and  wind  vane  readings. The 
recorded l i n e a r  a c c e l e r a t i o n s  were c o n v e r t e d  i n t o  t h e  a c c e l e r a t i o n  o f  t h e  a i r -  
p l a n e ' s  c e n t e r  o f  g r a v i t y .  The e f f e c t i v e  a i l e r o n  d e f l e c t i o n  was computed as  
a mean va lue  o f  t he  sum o f  t h e  r i g h t  a n d  l e f t  a i l e r o n  d e f l e c t i o n s .  
The n e x t  s t e p  p r e l i m i n a r y  to  a i rp l ane  pa rame te r  e s t ima t ion  inc luded  a 
compatibi l i ty  check of  measured response var iables  in  s teady and maneuvering 
f l i g h t s .  The r e l a t i o n s h i p   b e t w e e n   v a r i a b l e s  olv, 8, aZ, and ax, and @, 
B v ,  and ay was e x a m i n e d   f r o m   t h e   i n i t i a l   s t e a d y   p a r t s   o f   v a r i o u s  test  runs .  
These data showed very small scatter in  va lues  o f  t he  long i tud ina l  and  l a t e r a l  
a c c e l e r a t i o n s  and sideslip.  I t  was, t h e r e f o r e ,  assumed tha t   the   measurements  
of  ax, ay, and B v  were co r rup ted   on ly  by zero-mean random no i se .  Then t h e  
bias  errors i n  aV, 8 ,  aZ, and @ i n   t h e   f o r m   o f   c o n s t a n t   o f f s e t s  were deter- 
mined.  Similar bias errors i n   p ,  q ,  and r were found by assuming  s teady 
f l i g h t  c o n d i t i o n s .  All t h e s e  e s t i m a t e s  were v e r i f i e d  by t h e  a n a l y s i s  o f  t r a n -  
s ien t   maneuvers .  The c o m p a t i b i l i t y  c h e c k  o f  a i r c r a f t  r e s p o n s e  v a r i a b l e s  i n  
maneuver ing   f l i gh t s   i nc luded   t he   p red ic t ion  of V, B v ,  aV, 4, and  the esti- 
mat ion  of  cons tan t  bias errors i n  measured data. The technique  used is based 
on a i rp lane  k inemat ic  equat ions  and  an  ex tended  Kalman f i l t e r  and is desc r ibed  
i n  r e f e r e n c e  7. 
T y p i c a l  r e s u l t s  f r o m  t h e  c o m p a t i b i l i t y  c h e c k s  are g i v e n  i n  f i g u r e s  2 to  5 
and i n  tables V and V I .  I n  f i g u r e  2 the  measured  and  predic ted  responses  in  
V, aV, and 8 are compared. A similar c o z p a r i s o n   f o r   t h e   v a r i a b l e s  V, B v ,  
av, @, and 6 taken  from  one of t h e  l a t e r a l  maneuvers is p r e s e n t e d   i n  
f i g u r e  4 .  The r e s u l t i n g  residuals and  the  s tandard  errors  of   the  measured 
r e s p o n s e s  e s t i m a t e d  f r o m  t h e s e  r e s i d u a l s  a r e  i n c l u d e d  i n  f i g u r e s  3 and 5. A l l  
t h e  r e s i d u a l s ,  i n  g e n e r a l ,  i n d i c a t e  good agreement between measured and pre- 
d i c t e d  data. The la rger   d i screpancy   in   measured   and   pred ic ted  airspeed is 
still wi th in  the  rms error of  the measuring instrument ,  which was. estimated 
to be equal to  0.89 m/sec. (See t a b l e  II'.) 
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Table V compares various estimates of bias  errors  i n  the longitudinal out- 
put variables. The error estimates from' transient data were unaffected by the 
assumption that  baX = 0 and  were close  to  those from the  steady  data. Because 
t h i s  pattern was observed i n  other maneuvers that  were analyzed, only t h e  es t i -  
mates from steady-state data were used for corrections of the longitudinal 
responses. 
For the l a t e ra l  case presented i n  table VI, t h e  estimated bias error i n  
ay is significantly different from t h e  i n i t i a l l y  assumed zero. The inclusion 
of bay as  an  unknown parameter i n  the model affected  the  estimate of b+ only. 
This particular run  and other similar runs analyzed indicated some differences 
between the bias errors estimated from steady-state and transient data. These 
differences had, however, no s ignif icant  effect  on the  estimated s t ab i l i t y  and 
control parameters. The errors estimated from steady-state data were, therefore, 
used for  corrections of measured time his tor ies  of p, r ,  and @. 
MATHEMATICAL MODEL OF AIRPLANE 
A mathematical model of the airplane was formulated i n  the form  of the s t a t e  
and output equations as 
+ + +  
x = f(X,U,dl,t) 
and 
+ +  
where x,  y ,  and u are  the  state,  output, and input  vectors,  respectively, and 
6 is the  vector of unknown parameters. For the  longitudinal motion, the  four 
vectors i n  equations (1  ) and ( 2 )  have the form 
+ 
and for the l a t e ra l  motion 
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The equat ions  of  mot ion  are p r e s e n t e d  i n  d e t a i l  i n  a p p e n d i x  A. Their  form 
r e s u l t e d  from an examination of measured responses of the test a i rp l ane ,  and  
from  wind-tunnel   and  f l ight- tes t  resul ts  on similar a i r p l a n e s .  The coup l ing  
between the l a t e r a l  and longi tudinal  motion during the measurement  of  l a t e ra l  
responses  is i n c l u d e d  i n  t h e  l a t e r a l  e q u a t i o n s  by r e p l a c i n g  t h e  v a r i a b l e s  u ,  
w, q,  and 8 with   the i r   measured   va lues .  
ESTIMATION METHODS 
The equa t ion  error (EE) method r e p r e s e n t s  a n  a p p l i c a t i o n  o f  r e g r e s s i o n  
a n a l y s i s  to each s ta te  e q u a t i o n  s e p a r a t e l y ;  i t  is a method which minimizes the 
sum of  squared errors s a t i s f y i n g  t h e  e q u a t i o n .  The cost f u n c t i o n  f o r  t h e  s ta te  
equa t ion  has  the  fo rm 
i = l  
where N is t h e  number of d a t a   p o i n t s   a n d  E denotes   the   measured   quant i ty .  
The least s q u a r e s   s o l u t i o n   f o r  8, is ob ta ined  by f i n d i n g   t h e  minimum of J,. 
The s t a n d a r d  errors o f  t h e  parameters are obta ined  f rom the  informat ion  mat r ix  
in  the  so -ca l l ed  no rma l  equa t ions  and  f rom the  r e s idua l s  krEi - fri(zE,:,6,). 
(See   re f .  2.)  
I n   t h e   a i r p l a n e   f o r c e   e q u a t i o n s   t h e   v a r i a b l e s  XrE were rep laced  by 
measu red  l i nea r  acce le ra t ions  as  i n d i c a t e d  by e q u a t i o n s  (A12) ,   (A13) ,  and 
(A23) to (A25) .  I n  t h e  moment e q u a t i o n s   t h e   a n g u l a r   a c c e l e r a t i o n s  were cal- 
culated from measured angular  ra tes  u s i n g  s p l i n e s .  
D e t a i l e d  d e s c r i p t i o n s  of t h e  maximum l i k e l i h o o d  (ML) method and of the 
computing program can  be  found in  re ferences  8 and 9. The ML method is based 
1 1  
on   t he   max ima l i za t ion  of t h e   l o g - l i k e l i h o o d   f u n c t i o n  log p ( z / o ) .  The comput- 
i n g  starts wi th  the  approx ima te  va lues  fo r  t he  unknown parameters i n  t h e  state 
equat ions  and  then  iterates u n t i l  t h e  minimum of t h e  cost f u n c t i o n  
+ +  
N 
1 
J = - 2 1 (ti - q T  ;-1 ( Zi - $) 
i =1 
is found.   In   equat ion ( 4 )  , z is t h e  measured v e c t o r  z = y + n,  where n 
is t h e  measurement   noise   vector .  The  measurement  noise  covariance  matrix R 
is estimated as 
+ + + +  + 
A 
R = diag f V i  V l  
N 
+ + . T  
i = l  
+ + 2  
where V i  Z i  - y i  are t h e   r e s i d u a l s .  
After t h e  k t h  i t e r a t i o n  t h e  new estimates o f  unknown parameters are found 
as 
h 
where t h e  vec to r  A& is computed from t h e   e x p r e s s i o n  
The ma t r ix  M is the   F i she r   i n fo rma t ion   ma t r ix .  The i n v e r s e   o f   t h e   i n f o r -  
ma t ion  ma t r ix  g ives  a lower bound  on t h e  error c o v a r i a n c e  m a t r i x  f o r  t h e  esti-  
mated parameters. Using  the modified Newton-Raphson method, described i n  r e f e r -  
ence 6 ,  t h i s  m a t r i x  is approximated as 
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I n   t h i s   e x p r e s s i o n  H is t h e   s e n s i t i v i t y   m a t r i x  whose elements  are a;/aOj, 
where j = 1 ,  2, . I  q0 and  where  q0 is t h e  number of  unknown parameters. 
The  main d i agona l  term of the   i n fo rma t ion   ma t r ix .  m j j  d e f i n e s   t h e   s e n s i t i v i t y  
of   measured   ou tput   var iab les   wi th  respect to  t h e  parameter O j .  (See   r e f .  10.1 
The  main d i agona l  term of  “1, sj j ,  is, t h e r e f o r e ,   t h e  Cram&-Rao lower 
bound  on the   va r i ance   o f   t he  parameter O j .  It can  be shown t h a t  
h 
where t h e  e q u a l  s i g n  h o l d s  f o r  t h e  u n c o r r e l a t e d  parameters. 
RESULTS AND DISCUSSION 
Longi tudina l   Charac te r  istics 
The f i r s t  p a r t  of t h e  l o n g i t u d i n a l  data cons i s t s  o f  16  runs  measured a t  
d i f f e r e n t  a i r s p e e d s .  I n  t h e s e  r u n s  t h e  t r a n s i e n t  m o t i o n  o f  t h e  a i r p l a n e  was 
e x c i t e d  from l e v e l  f l i g h t s  by u s i n g  t h e  stabilator d e f l e c t i o n  i n  t h e  f o r m  o f  
a s i n g l e  pulse or doublet. Estimated parameters and   t he i r   s t anda rd  errors from 
one  run a t  CL = 0.61 are summarized i n  table VII. Al parameters   inc luded  
i n  t h e  model i n d i c a t e  s a t i s f a c t o r y  i d e n t i f i a b i l i t y  as  expressed  by t h e i r  s t a n -  
dard errors or lower bounds  on  these errors. S i g n i f i c a n t  d i f f e r e n c e s  i n  t h e  
estimates us ing  the  EE method and ML method e x i s t  i n  t h e  d e r i v a t i v e s  
and C%. From ca lcu la t ed   pa rame te r   cova r i ance  matrices a s t r o n g   c o r r e l a t i o n  
( t h e  c o r r e l a t i o n  c o e f f i c i e n t  a b o u t  0 .94 )  was observed between the parameters  
C and CzGe and  between hq and hse, r e g a r d l e s s   o f   t h e   s t i m a t i o n  
method . 
cza 
% 
Measured time h i s t o r i e s  a n d  t h o s e  computed by us ing  parameters  ob ta ined  
by t h e  EE method are g i v e n  i n  f i g u r e  6. Considerable   disagreement  is appa ren t  
only  between  measured  and  computed  outputs V and ax. The  bad f i t   i n   t h e s e  
v a r i a b l e s  is not   impor tan t  because t h e i r  v a r i a t i o n s  are small. Plots similar 
to t h o s e  i n  f i g u r e  6 are p r e s e n t e d  i n  f i g u r e  7 ,  where the  pa rame te r s  used were 
ob ta ined  by t h e  ML method. The r e s u l t i n g  r e s i d u a l s  i n  t h e  o u t p u t  v a r i a b l e s  are 
plotted i n  f i g u r e  8 .  I n  t h i s  f i g u r e  t h e  s t a n d a r d  errors o f  t h e  o u t p u t  v a r i a b l e s  
estimated f r o m  t h e  r e s i d u a l s  are also g i v e n .  I f  t h e  model o f  t h e  a i r p l a n e  were 
correct, t h e  r e s i d u a l s  would  form a whi te  random sequence.  Examination  of  their  
time h i s t o r i e s  i n  f i g u r e  8 i nd ica t e s ,  however ,  t he  in f luence  o f  ce r t a in  mode l ing  
errors ( i n c o r r e c t  form of  aerodynamic model  equat ions,  uncorrected bias errors 
i n  measurement da ta ,  e x t e r n a l  d i s t u r b a n c e s ) .  The i n c o r r e c t  model r e s u l t e d  i n  
b i a s  errors /in t h e  estimated s t a b i l i t y  a n d  c o n t r o l  parameters and i n  a n  i n c r e a s e  
of  the  Cramer-Rao lower bound. 
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The parameters obta ined  from a l l  16 ' runs  ment ioned  are p r e s e n t e d  i n  f ig- 
u r e s  9 and 10. F i g u r e  9 i n c l u d e s  t h e  estimates by t h e  EE method p l o t t e d  a g a i n s t  
l i f t  c o e f f i c i e n t .  The range of CL cor responds  to t h e   c h a n g e   i n   t h e   a n g l e  of 
at tack from approximately Oo to 1l0. A d i s t i n c t i o n  h a s  b e e n  made be tween the  
r e s u l t i n g  p o i n t s  w h e r e  a p u l s e  or d o u b l e t  i n p u t  was used. Each plot of a param- 
eter a g a i n s t  Cz was f i t t ed  by a f i rs t -  or second-order  polynomial, or by a com- 
b i n a t i o n  of both.  The c h a n g e  i n  t h e  f u n c t i o n a l  r e l a t i o n s h i p  f r o m  l i n e a r  to qua- 
drat ic  was based  on  r e su l t s  from s t e a d y - s t a t e  data as  is shown later.  
I n  f i g u r e  10  t h e  r e s u l t s  f r o m  b o t h  e s t i m a t i o n  t e c h n i q u e s  were compared. 
The 20 bounds  on  the EE estimates were computed  f rom  the  differences  between 
t h e  estimates and t h e  f i t t e d  curves .  The 20  bounds  can be used for an assess- 
ment of s i g n i f i c a n t  d i f f e r e n c e s  i n  r e s u l t s  f r o m  b o t h  m e t h o d s .  As i n  t a b l e  V I I ,  
t h e  most p r o n o u n c e d   d i f f e r e n c e   e x i s t s   i n   t h e  estimates of CZ,. The l a r g e   d i f -  
f e r e n c e s   i n  C and CzGe a t  h ighe r   va lues   o f  CL are not   impor tan t   because  
t h e s e  parameters have small e f f e c t  o n l y  o n  t h e  r e s u l t i n g  m o t i o n  of t h e  a i r p l a n e .  
For the  remain ing  parameters, bo th  t echn iques  p rov ide ,  i n  gene ra l ,  equ iva len t  
estimates. Estimates o f   t h e  parameters C X , ~  and C h  are c o n s i s t e n t   e v e n   i f  
t he  a i r speed  changes  in  the  maneuver s  ana lyzed  were small. This  is a promising 
i n d i c a t i o n  of a p o s s i b i l i t y  to estimate t h e  p e r f o r m a n c e  c h a r a c t e r i s t i c s  of t h e  
a i r p l a n e  p r o v i d e d  t h e  n e c e s s a r y  t h r u s t  i n f o r m a t i o n  is a v a i l a b l e .  
zq 
Effec t  o f  non l inea r  terms in aerodynamic model equat ions.-  The examination 
of f i g u r e s  9 and 10 shows v a r i a t i o n s  of d e r i v a t i v e s  Cza, C&, and C '  ms 
with  CL a t  h ighe r   va lues  of t h e  l i f t  c o e f f i c i e n t .  The effect  o f   t h e s e   v a r i a -  
t i o n s  is not   inc luded   in   the   aerodynamic  model equat ions   used .   Therefore ,  for 
the  assessment  of model adequacy a t  h ighe r  ang le s  o f  a t tack ,  the  e s t ima ted  s t an -  
dard errors i n   t h e  ma in   ou tpu t   va r i ab le s  av, q,  and aZ were p l o t t e d   a g a i n s t  
CL, a s  shown i n  f i g u r e  1 1 .  The estimates of   measurement   noise   s tandard errors  
o b t a i n e d  f r o m  t h e  c o m p a t i b i l i t y  c h e c k  a n d  i n s t r u m e n t a t i o n  s y s t e m  c h a r a c t e r i s t i c s ,  
as p r e s e n t e d  i n  f i g u r e  3 and table  I1 , have  been added to t h e s e  plots.  The plots 
o f  f i g u r e  11  i n d i c a t e  t h e  i n c r e a s e  of t h e  s t a n d a r d  error i n  a l l  t h r e e  v a r i a b l e s  
w i t h   i n c r e a s i n g   v a l u e s  of CL. A poss ib le   model ing  error in   t he   ae rodynamic  
model equat ions  has   been  checked  using  the  data   f rom  one  run a t  CL = 1.26.  The 
d a t a  were analyzed by us ing  the  ML method and the modified aerodynamic model. 
The model i n c l u d e d  t h r e e  a d d i t i o n a l  n o n l i n e a r  terms Cza2(cL - ao) 2,  - 
qc (01 - 
C k 2  (a  - ao) 2 ,  and C 
mso! 2v 
The r e s u l t i n g  e s t i m a t e s  are compared i n  table V I 1 1  w i th  those  based on t h e  
l i n e a r   a e r o d y n a m i c s .   I n   t h i s  table ,  the  main  diagonal   e lements   of   the   informa- 
t i on   and  parameter covar iance  matrices m j j  and s j .  are a lso presented .  The 
comparison shows that the extended model significantly inf luenced  some of t h e  
parameters .  The new estimates for and CzGe are closer to  those   xpec ted .  
With the nonl inear  aerodynamics,  there  was an  improvement i n  terms of  s tandard  
errors i n  parameters, cor re la t ion  be tween parameters ,  sens i t iv i t ies ,  and  measure-  
czq 
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ment  noise  standard  errors.  The  values  of  nonlinear  terms  agree  well  with  those 
predicted  from  figures 9 and 10. The  standard errors of  the  nonlinear  parameters 
were  reasonably low, and  any  strong  correlation  between  the  linear  and  nonlinear 
parameters  was  not  observed,  as  indicated  by  values  of  the  correlation  coeffi- 
cients  given in  table  IX. 
Comparison  of  parameters  estimated  from  steady-state  and  transient  flight 
data.- The  accuracy  of  estimated  parameters  was  checked  by  the  comparison  of 
their  values  with  those  obtained  from  steady  measurements.  Data  needed  for  the 
estimation  of  static  stability  and  control  derivatives  were  measured  in  slow 
acceleration-deceleration horizontal  flights  and  in  steady  climbs  and  descents 
("saw-tooth"  flights). In figure 1 2  the  measured  and  fitted  lift  coefficient is
plotted  against  the  angle of attack.  The  same  measured  data  from  steady  climbs 
with  full  power  and  steady  descent  with  idle  power  are  compared  with  the  previous 
measurements  in  figure 13. 
The  measured  and  fitted  stick-fixed  trim  curves (6, against CL) are  plot- 
ted  in  figure 14 for  two  airplane  center-of-gravity  positions.  The  effect of 
power  setting on  these  data  is  demonstrated  in  figure 15. All  measured  steady- 
state  data  indicate  changes  in  derivatives CzcL and (2% with  increasing CL 
and  also  with  different  power  setting. 
The  data  from  figure 12 and  figure 1 4  were  used  for  computing  aerodynamic 
derivatives  from  expressions  developed  for  an  airplane  with  a  conventional  hori- 
zontal  tail  in  reference 11 and  modified  for  an  all-movable  tail.  The  relation- 
ship  between  directly  estimated  quantities  from  measured  steady-state  data  and 
aerodynamic  derivatives  are  summarized  in  appendix B. The  results  obtained  are 
presented  in  table X where  they  are  compared  with  the  estimates  from  transient 
data.  These  estimates  are  the  mean  values  from  the  range  of CL within  which 
the  derivatives  are  assumed  to  have  constant  values. 
The  comparison  shows  that  the  estimates  from  steady  flights  agree  very 
well  with  those  obtained  from  transient  data  by  using the ML method.  Only  the 
values  for  the  derivative  differ  significantly. However,  the  value 
for  this  derivative  from  steady-state  data  represents  an  approximation  only. 
The  results  in  table  X  can  then  be  considered  an  indication  of  good  confidence 
in  the ML estimates  for  all  parameters. 
In  addition  to  the  comparison  in  table X, two  derivatives CzCl and C& 
estimated  from  steady-state  and  transient  data  were  plotted  against CL in 
figure 16. All  three  estimates  show  the  same  trend  with  the  increased  value 
of CL. However, the  differences  in  values  of  Cza  remain. 
Effect of different  input  forms  and  power  settings on estimated  parameters.- 
In  addition  to  the 16 runs  analyzed,  runs  with  different  input  forms  were used 
to  estimate  the  parameters. Data  from  runs  with  full and  idle  power  were also 
used. All of  these  additional  runs  were  measured  at CL - 0.57.  The  examples 
of various  stabilator-deflection  time  histories  are  given  in  figure 1 7 .  The 
input  A  consists  of  a  series  of  pulses,  the  input B1 includes  either  sharp 
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p u l s e s  or doub le  pu l ses ,  and  the  inpu t  B2 is a combination of s h a r p  p u l s e s  w i t h  
a s l awly  va ry ing  s tabi la tor  d e f l e c t i o n  u s e d  for better e x c i t a t i o n  o f  t h e  a i r -  
speed changes. 
The effect of pu l se  and  doub le t  on  the  parameter estimates has  a l r eady  been  
shown i n  f i g u r e s  9 and 1 0 .  Some d i f f e r e n c e s  are a p p a r e n t  i n  d e r i v a t i v e s  
C&, and C '  a t  h i g h e r   a n g l e s  of attack. The effect o f   t he   r ema in ing   i npu t  
forms is shown i n  f i g u r e  18, where the new sets o f  estimates are compared  with 
p r e v i o u s  r e s u l t s .  The r e s u l t s  i n d i c a t e  t h a t  t h e  estimates f rom runs  wi th  inpu t  A 
are very  similar to those based on measurements  with pulse  and doublet  input  
form. However, f o r  t h e  i n p u t  forms B1 and B2,  some d i f f e r e n c e s  i n  t h e  e s t i m a t e s  
of p i tch ing-moment   der iva t ives   appeared .   These   d i f fe rences  are m a i n l y  v i s i b l e  i n  
t h e  results of t h e  EE method.  For a l l  i npu t  fo rms  used ,  t he  Cramgr-Rao bound  on 
t h e  s t a n d a r d  errors of t h e  e s t i m a t e d  parameters remained almost t h e  same. Also, 
t h e   s t r o n g   c o r r e l a t i o n   b e t w e e n  C was 
unchanged.  These r e s u l t s  a g r e e  w i t h  t h e  i n v e s t i g a t i o n  o f  effects o f  c o n t r o l  
i npu t s  on  the  estimated parameters made i n  r e f e r e n c e  7. 
Cz, 
mq 
zq and CZGe and Cm6e 
and between 
For a more d e t a i l e d  i n v e s t i g a t i o n  of a p o s s i b l e  e f f e c t  o f  t h e  s h a r p  pulse 
or s h o r t  d o u b l e t  o n  t h e  e s t i m a t e s ,  t w o  sets o f  r e s u l t s  were compared. The input  
forms used  and  the i r  harmonic  conten ts  are g i v e n  i n  f i g u r e  1 9 ;  the  parameter  
estimates, r e l a t i v e  s e n s i t i v i t i e s ,  s t a n d a r d  errors ,  and the measurement  noise  
s t a n d a r d  errors are p r e s e n t e d  i n  t a b l e  X I .  
The r e s u l t s  from t h e  r u n  w i t h  s h a r p  d o u b l e t  show t h e  i n c o r r e c t  s i g n  i n  Czq;  
s i g n i f i c a n t   d i f f e r e n c e s   i n  Cz,, %, and Cis;  d e c r e a s e d   s e n s i t i v i t i e s ;  
and  increased  inaccuracy.   There is also a l a r g e  s t a n d a r d  error i n  t h e  p i t c h -  
i n g   v e l o c i t y .  The time h i s t o r y  of t h e   r e s i d u a l s   i n  q for t h i s   r u n   i n c l u d e d  
a dominant  determinis t ic  component  whose form was similar to  the  expec ted  time 
h i s t o r y  o f  t h e  a n g u l a r  a c c e l e r a t i o n  i n  p i t c h .  The d e g r a d a t i o n  of r e s u l t s  from 
t h e  d a t a  w i t h  s h a r p  d o u b l e t  i n p u t  c a n  b e  a t t r i b u t e d  to modeling errors i n  t h e  
e q u a t i o n s  of motion and/or to the  uncor rec t ed  errors i n  measured pi tching veloc-  
i t y .  The comparison of measured  and  predicted  f requency  response  curves   dis-  
p l a y e d  i n  f i g u r e  20 shows t h i s  e f f e c t  e v e n  more c l e a r l y .  The p r e d i c t e d  f r e -  
quency response curves were computed  from l i n e a r i z e d  e q u a t i o n s  (A2) , (A3) , and 
(A7) w i t h  t h e  d e r i v a t i v e s  from t a b l e  X I .  The measured  data  were obta ined  by 
apply ing   Four ie r   t ransforms to  the  measured time h i s t o r i e s  of 6e,  q, and  aZ.  
The measured  data   with slow d o u b l e t  a g r e e  well w i t h  t h e  p r e d i c t i o n .  I n  
the  second run  wi th  a sharp  double t , .  the  f requency  response  curves  aZ( jw) /6 , ( jw)  
a g a i n  a g r e e ,  b u t  t h e r e  are g r e a t e r  d i f f e r e n c e s  i n  t h e  a m p l i t u d e  a n d  p h a s e  c h a r a c -  
ter is t ics  of the  f r equency  r e sponse  func t ion  q (  jw)/6,( j w )  . The change  in  phase  
angle  in  the  measured  da ta  is g r e a t e r  t h a n  t h e o r e t i c a l l y  possible c o n s i d e r i n g  
t h e  form of t ransfer   func t ion   deve loped   f rom  equat ions  (A2) and (A3) . To e x p l a i n  
the  d i f f e rences  men t ioned ,  a new check  and  dynamic  ca l ibra t ion  of t h e  p e r t i n e n t  
ra te  gyro were made, and the  measu red  p i t ch  ang le  was compared with that  pre- 
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d i c t e d  from t h e  p i t c h  ra te  gyro  r ead ing .  Bo th  checks  ind ica t ed  tha t  t he  in s t ru -  
menta t ion  was f u n c t i o n i n g  c o r r e c t l y  a n d  t h a t  n o  t i m e - d e l a y  c o r r e c t i o n  i n  mea- 
sured  q ( t )  was needed.  Another  eason for t h e   e f f e c t  of t h e   s h a r p   d o u b l e t   o n  
t h e  parameter estimates is i n  the  model ing  of  the  a i rp lane .  The conf i rmat ion  of  
th i s  conclus ion ,  however ,  would  need  theore t ica l  and  experimental study which 
is beyond t h e  scope of t h e  p r e s e n t  report. 
The results i n  f i g u r e  18 concern ing  power e f f e c t  i n d i c a t e  t h a t  t h e r e  were 
no d i f f e rences  be tween  the  estimates w i t h  f u l l  power and power r e q u i r e d  f o r  t h e  
level  f l i g h t s .  The changes i n  parameters w i t h  i d l e  power a g r e e  w i t h  t r e n d s  shown 
i n  m e a s u r e d  s t e a d y - s t a t e  d a t a  i n  f i g u r e s  1 3  and 15, e.g., t h e  d e c r e a s e  ( i n  abso- 
l u t e   v a l u e )   o f  Cza ,  C h e ,  and C '  and t h e   i n c r e a s e   o f  C&. "s 
Lateral C h a r a c t e r i s t i c s  
For the  estimates of la teral  parameters ,  28 maneuvers  in i t ia ted  f rom s teady-  
s t a t e  l e v e l  f l i g h t s  a t  d i f f e r e n t  a i r s p e e d s  were a v a i l a b l e .  The  measured  data 
were obtained  f rom t w o  f l i g h t s .  The resu l t s  f rom e ight  repea ted  measurements  a t  
t h e  same a i r s p e e d  are g i v e n  i n  t a b l e  X I I .  They inc lude  the  ensemble  mean va lues  
and  s t anda rd  e r ro r s  of t h e  EE and ML estimates, and  the  ave rage  s t anda rd  errors 
of a single measurement.  The mean va lues  obta ined  f rom resu l t s  of  bo th  methods  
are q u i t e  c o n s i s t e n t ;  t h e  o n l y  s i g n i f i c a n t  d i f f e r e n c e s  were f o u n d  i n  t w o  less 
important   der ivat ives   and  Cl6, .  
cYP 
The ensemble s tandard errors of t h e  EE estimates are,  f o r  most parameters, 
smaller than  those  o f  t h e  ML estimates. In  both  cases t h e  s t a n d a r d  e r r o r s  esti- 
mated from the ensemble do not agree w i t h  t h e  s t a n d a r d  errors  of a s i n g l e  mea- 
surement.  The r a t i o  of these two d i f f e r e n t  estimates varies   between l and 5 f o r  
t he  EE method,  and  between 2 and 18 f o r  t h e  ML e s t i m a t e s .  High va lues   and   var i -  
a b i l i t y  i n  t h e s e  ra t ios  could be caused by b i a s  errors  i n  t h e  estimates r e s u l t i n g  
from various modeling errors and also from a small sample  s ize .  
As an  example of the comparison between measured and computed d a t a ,  t h e  
time h i s to r i e s  o f  one  of the  e ight  runs  ana lyzed  are  p r e s e n t e d  i n  f i g u r e s  21 
and 22. I n  f i g u r e  21, t h e  computed  responses are based   on   the  EE es t imates   and  
i n  f i g u r e  22, on t h e  ML estimates. These two f i g u r e s  i n d i c a t e  n o  s i g n i f i c a n t  
d i f f e r e n c e s  f o r  b o t h  sets of parameters, which is in  agreement  wi th  r e su l t s  i n  
t a b l e  X I I .  
The r e s i d u a l s  f r o m  f i g u r e  22 a n d  t h e i r  s t a n d a r d  errors are g i v e n  i n  
f i g u r e  23. I n  a l l  time h i s t o r i e s   o f   r e s i d u a l s ,  some deterministic components 
are v i s i b l e ,  t h e  most s ign i f i can t  o f  wh ich  are i n  t h e  yawing  ve loc i ty  r e s idua l s .  
This  s tudy did not  determine which model ing errors  c o u l d  c o n t r i b u t e  to  t h e  d e t e r -  
m i n i s t i c  components i n  r e s i d u a l s .  B e c a u s e  of t h e  small ampl i tude   o f   r e s idua l s  
i n  t h e  g i v e n  case, and also in  the  r ema in ing  runs ,  t he  ex i s t ing  mode l ing  errors 
d i d  n o t  s i g n i f i c a n t l y  i n f l u e n c e  t h e  a c c u r a c y  of t h e  estimates. 
The e s t ima ted  parameters from a l l  28 runs  are p l o t t e d   a g a i n s t  CL i n  
f i g u r e  24 and  f igu re  25. I n  f i g u r e  24, t h e  ML estimates were f i t t e d  by l i n e a r  
or q u a d r a t i c  polynomials. I n  f i g u r e  25, t h e  ML estimates are compared  with 
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those  obta ined  by t h e  EE method. As w i t h  t h e  r e s u l t s  i n  table X I I ,  t h e  d i f -  
f e r e n c e s  i n  b o t h  estimates are n o t ,  i n  g e n e r a l ,  s i g n i f i c a n t ;  f u r t h e r m o r e ,  t h e  
r e s u l t s  from t h e  t w o  f l i g h t s  d o  n o t  d i f f e r  s u b s t a n t i a l l y .  
The f i t t e d  c u r v e s  i n  f i g u r e  24 can be used for t h e  p r e d i c t i o n  o f  t h e  l a t -  
e r a l  s t a b i l i t y  a n d  c o n t r o l  d e r i v a t i v e s  of t h e  a i r p l a n e .  T a b l e  X I 1 1  shows t h e  
p r e d i c t e d  v a l u e s  for CL = 0.62  and t h e  s t a n d a r d  error boundar ies   on   the  pre- 
d i c t i o n  errors. These  bounca r i z s  r ep resen t  t he  maximum and minimum s t a n d a r d  
error of t h e   f i t t e d   C u r v e  0 = ~ ( C L )  w i th in   t he   g iven   r ange   o f  CL. For com- 
p a r i s o n ,  t h e  l a s t  column  of table  X I 1 1  p r e s e n t s  t h e  Cram&-Rao lower bound  on 
t h e  e s t i m a t e d  s t a n d a r d  error of a s ingle  measurement .  
The estimates o f  t h e  yawing-moment c o e f f i c i e n t  d e r i v a t i v e s  shown i n  f i g -  
u r e s  24 and 25 r evea led  inc reased  scatter w i t h  t h e  i n c r e a s i n g  v a l u e  o f  CL. 
For t h e  i n v e s t i g a t i o n  o f  t h i s  t r e n d ,  t h e  s t a n d a r d  errors  of a l l  o u t p u t  v a r i -  
ables were f i r s t   p l o t t e d   a g a i n s t  CL a s  shown i n   f i g u r e  26.  However, t h e s e  
plots show o n l y  a moderate i n c r e a s e  o f  t h i s  error fo r   h ighe r   va lues   o f  CL. 
T h i s  i n c r e a s e  i n d i c a t e s  t h a t  t h e  m o d e l i n g  errors d o  n o t  c h a n g e  s i g n i f i c a n t l y  
fo r  runs  a t  h ighe r  ang le s  of a t t a c k .  
The n e x t  s t e p  i n v o l v e d  t h e  i n v e s t i g a t i o n  o f  s e n s i t i v i t i e s  a n d  s t a n d a r d  
errors i n   t h e   p a r a m e t e r  estimates. T h e s e   c h a r a c t e r i s t i c s   d e t e r i o r a t e   w i t h  
inc reas ing   va lues  of CL which  might  lead to  t h e   c o n c l u s i o n   t h a t   t h e   i n p u t  form 
used was n o t  s u i t a b l e  f o r  e x c i t a t i o n  a t  h i g h e r  a n g l e s  of a t t a c k .  All t h e  i n p u t  
fo rms  used  r e su l t ed  in  s t rong  co r re l a t ions  be tween  some o f  t h e  s t a b i l i t y  a n d  
con t ro l   de r iva t ives ,   ma in ly   be tween  CZP'Cl6, and GP Cn6 a The r e s u l t s  i n  
f i g u r e  26 d e m o n s t r a t e  t h e  i n c r e a s e  i n  s t a n d a r d  e r rors  caused by model ing errors  
when one compares t h e  estimates based  on  the  equat ions  of  mot ion ,  on  k inemat ic  
equa t ions  on ly  ( compa t ib i l i t y  check) ,  and  on  the  in s t rumen ta t ion  sys t em a lone .  
The d i f f e r e n c e   i n   t h e   s t a n d a r d  errors s ( r )  i n  t w o  f l i g h t s  was probably  caused 
by more pronounced  modeling errors i n  f l i g h t  21,  where the input  was s i m i l a r  to 
t h a t  i n  f l i g h t  2 6 ,  b u t  t h e  r u d d e r  a m p l i t u d e  was h igher .  
Comparison  of r e s u l t s  f rom t rans ien t  and  s teady-s ta te  measurements . -  As 
w i t h  t h e  l o n g i t u d i n a l  case, t h e  resu l t s  f rom the  l a t e r a l  t r a n s i e n t  f l i g h t  d a t a  
were compared with those obtained from s t e a d y  nonsymmetr ic f l i g h t s  ( s t e a d y  
s t r a i g h t  s i d e s l i p s )  . Unfor tuna te ly ,   t he  l a t e ra l  s t eady- s t a t e   da t a   canno t   p ro -  
v i d e  estimates o f  a e r o d y n a m i c  d e r i v a t i v e s  d i r e c t l y  w i t h o u t  a d d i t i o n a l  a p r i o r i  
i n fo rma t ion .   Fo r   t ha t   r ea son ,   t he   measu red   r e l a t ionsh ips   be tween   t he   s ides l ip  
ang le  and  the  bank  ang le ,  t he  a i l e ron  de f l ec t ion  and  the  rudde r  de f l ec t ion  were 
compared w i t h  t h o s e  p r e d i c t e d  u s i n g  t h e  p a r a m e t e r s  e s t i m a t e d  f r o m  t r a n s i e n t  
d a t a .  I f  l i n e a r i z e d  l a t e r a l  e q u a t i o n s  of motion are  assumed, it can  be shown 
t h a t  t h e  a f o r e m e n t i o n e d  r e l a t i o n s h i p s  are l i n e a r  a n d  t h a t  t h e i r  s l o p e s  a n d  i n t e r -  
sects depend  on c e r t a i n  c o m b i n a t i o n s  o f  d e r i v a t i v e s .  The a n a l y t i c a l  form  of   the 
r e l a t i o n s h i p s  6 = 6 (4)  , 6 = 6 (6,) and 6 = 13 (6,) is p resen ted   i n   append ix  B. 
I n  f i g u r e s  27 t o  29,  the  measured l a t e r a l  s ta t ic  a e r o d y n a m i c  c h a r a c t e r i s t i c s  
for t w o  v a l u e s  of CL are presented .  The estimates o f   t h o s e   c h a r a c t e r i s t i c s  
were computed  from  equations (B13) t o  (Bl5)   using  the ML estimates for t h e  param- 
eters .  The agreement  between  measurements  and  computed  lines is genera l ly   good.  
The only   d i screpancy  is f o r  t h e  i n t e r s e c t i o n  of t h e  l i n e  6 (6,) a t  CL = 1 .19. 
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This  intersection  depends  primarily on the  parameter Cnlo. The  estimates  of 
this  parameter  were  incorrect as to  sign. One  explanatlon  could  be  the  exis- 
tence  of  modeling  errors  in  the  yawing-moment  equation;  however,  the  proof  would 
require  more  detailed  analysis. 
The  results  in  figures 27 to 29 verified  to  some  extent  the  estimates of 
the  derivative CyB, and  the  combination  of  derivatives C16a/Czg and  Cn6r/CnB. 
For the  verification of the  control  derivatives CtGa and  Cn6r  the  aileron  and 
rudder  effectiveness  were  measured  in  steady  flights  with B = 0 and  with  the 
additional  rolling  and  yawing  moments  provided  by  the  onboard  rocket  system.  The 
resulting  derivatives  from  these  measurements  are  given in figure 30 and  compared 
with  the ML estimates  taken  from  figure 24. The steady-state  data  resulted  in 
slightly  higher  absolute  values  for  both  control  derivatives  than  for  the  tran- 
sient  data.  The  differences are,  however,  not  significant. 
Effect  of  different  input  forms  and  power  settings on e timated  parameters.- 
All previous  lateral  data  analyzed  included  only  one  type  of  input  form  for  both 
the  rudder  and  aileron  deflection. To investigate  for  an  effect  of  other  input 
forms,  five  other  types of input  forms  shown  in  figure 31 have  been  used. The 
input A1 is  similar  to  the  standard  input,  but  the  aileron  doublet  is  shorter  and 
has  greater  amplitude. The input A2 is composed of input A1 repeated  three  times. 
In  the  input B1 the  rudder  pulse  is  followed  by  the  aileron  doublet. As in  the 
previous  case  the  input B2 is  composed of input B1 repeated  three  times.  Finally, 
in  the  input C the  aileron  doublet  precedes  the  rudder  doublet. 
Estimated  parameters  from  several  runs  with  the  inputs  described  are  pre- 
sented  in  figure 32. They  are  compared  with  the  ensemble  mean  values  given  in 
table XI1 which  were  estimated  from  runs  where  the  standard  inputs  were  used. 
In  all  cases  the  parameters  are  the ML estimates. 
The  results  in  figure 32 revealed  a  significant  effect  of  input  forms  on 
virtually  all  estimated  parameters.  The  changes  in  the  estimates are, in  gen- 
eral,  greater  in  the  derivatives of CY and C1 than  those  in  derivatives of 
Cn if  the  ensemble  mean  value  and  its  confidence  interval  are  considered as a 
reference.  In  many  cases  it  was  not  possible  to  determine  which  estimates  are 
more  accurate  because  the  standard  errors  and  the  correlation  coefficients  were 
almost  the  same  for  significantly  different  values of  the  same  parameter. 
The  variability  in  the  lateral  parameter  estimates  due  to  different  input 
forms  was  found  to  be  less  pronounced  in  the  study  covered  by  reference 7. This
could  be  explained  by  the  dependence of the  input  form  sensitivity on  the  char- 
acteristics  of  an  airplane. The impossibility of selecting  the  best  estimates 
of parameters  from  runs  with  different  inputs  demonstrates  the  existing  problem 
of  an  optimal  input  form  for  parameter  identification  and  the  problem of accu- 
racy  assessment  of  the  parameter  estimates. 
In figure 32, the  effect  of  different  power  settings  on  the  parameter  esti- 
mates  is  also  shown.  The  results  from  runs  excited  from  steady-state  climbs 
with  full  power  agree  with  those  from  the  measurements  in  horizontal  flight. 
This  agreement  was  expected  because  in  both  experiments  the  power  setting  dif- 
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fered  only  slightly. On the  other  hand,  the  results  from  runs  with  idle  power 
show  a  decrease  in  the  absolute  value of static  derivatives CyB and C and "B 
control  derivatives  and  Cn6r.  These  changes  and  their  directions  have 'Y6r 
been  expected.  They  are  caused  by  the  slipstream  effect on the  sidewash  angle 
and  the  dynamic  pressure at the  tail. 
ASSESSMENT OF ESTIMATED  PARAMETERS 
A  comparison  of  the  results  in  table X shows  the ML parameter  estimates 
to  be  the  best  values  for  the  longitudinal  stability  and  control  derivatives 
of  the  airplane  under  test  within  the  range  of CL where  these  derivatives  have 
constant  values, e.g., CL < 0.9. Power  will  not  significantly  change  the  value 
of these  derivatives,  with  the  exception of power  settings  close  to  zero-power 
conditions.  For  both  methods,  the  standard  error  of  all  important  derivatives 
is about 2 percent.  This  error  can  also  be  a  measure of the  overall  accuracy 
because of the  agreement  between  the  results  from  steady-state  and  transient 
data, and  between  the EE and ML estimates as shown  in  figure 18 for  the  pulse 
input  doublet  and  combination  of  both  (input A ) .  The  values  of  derivatives  for 
CL > 0.9 can  be  obtained  from  figure 10. The  accuracy  of  these  derivatives 
will  deteriorate  with  the  increasing  value  of CL because  the  estimates  are 
influenced  by  the  input  form,  power  conditions,  and  the  uncertainty  in  the  aero- 
dynamic  model  equations.  The  best  values of the  stability  and  control  deriva- 
tives  for  the  lateral  motion  are  given  by  the  fitted  curves  in  figure 24 .  The 
bounds  on their  standard  errors  can  be  obtained  from  table  XIII.  The  standard 
errors  for  the  aerodynamic  static  derivatives  are  between 1 and 3 percent,  for 
the  damping  derivatives  between 2 and 10 percent,  and  for  the  primary  control 
derivatives  between 2 and 5 percent.  For  some  less  significant  derivatives  the 
standard  error  can  be as high as 70 percent.  There  is  a  good  agreement  between 
some  derivatives  and  their  combinations  obtained  from  steady-state  and  transient 
data. 
The EE and ML estimates  of  all  important  derivates  also  agree  provided 
that  the  data  with  the  same  input  form  were  used  in  the  analysis.  On  the  other 
hand,  the  estimated  derivatives  depend  strongly on the  input  form  used  which 
means  that  the  input-form  dependence  degrades  the  accuracy  of  the  estimates. 
The  effect  of  power is insignificant  with  the  exception  of  the  idle  power 
regimes. 
CONCLUDING REMARKS 
A  complete  set of stability  and  control  parameters  included  in  the  aero- 
dynamic  model  equations  was  estimated  from  maneuvering  flight  data  for  a  low- 
wing,  single-engine,  general  aviation  airplane.  Most  of  the  estimated  param- 
eters  obtained  by  using  the  equation  error  and  maximum  likelihood  methods 
agreed  within  two-standard-deviation  confidence  intervals  for  the  parameter. 
This  agreement  was  made  possible  because  sufficient  accuracy of measured  data 
was  achieved  from  a  thorough  ground  and  flight  calibration of  the  instrumenta- 
tion  system,  a  check  of  the  system  before  and  after  each  flight,  and  correction 
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of  the  measured  da ta  for  b ias  errors de termined  f rom compat ib i l i ty  checks  of  
measured  response  var iables .  The e s t ima ted  s ta t ic  parameters  also agreed   wi th  
t h e  resu l t s  f r o m  s t e a d y  f l i g h t s .  The comparison of   parameters   obtained  f rom 
di f fe ren t  methods  and  through repea ted  measurements  resu l ted  in  the  de te rmina-  
t i o n  of t h e  b e s t  v a l u e s  f o r  t h e  e s t i m a t e d  parameter a n d  i n  t h e  s p e c i f i c a t i o n  
o f  t h e i r  a c c u r a c i e s .  
Longi tudina l  Parameters  
Bo th  e s t ima t ion  me thods  p rov ided  iden t i ca l  va lues  fo r  most of  the  param- 
eters .  The s i g n i f i c a n t  d i f f e r e n c e  was f o u n d  i n  t h e  d e r i v a t i v e  of t h e  v e r t i c a l -  
f o r c e  c o e f f i c i e n t  w i t h  respect to the  ang le  o f  a t tack.  The maximum l i k e l i h o o d  
estimates agreed better wi th  the  computed parameters  f rom steady-f l ight  data  than 
wi th  those  f rom the  equat ion  error method. The engine power d id  no t  change  the  
va lues  of p a r a m e t e r s  s i g n i f i c a n t l y ,  w i t h  t h e  e x c e p t i o n  o f  power s e t t i n g s  close 
to  zero-power cond i t ions .  The s t a n d a r d  e r r o r  of a l l  impor tan t   parameters  was 
about  2 pe rcen t .  The accuracy   of   parameters   de te r iora ted   wi th   the   increas ing  
v a l u e  o f  t h e  l i f t  c o e f f i c i e n t .  The h igh   angle  of at tack  and  rapid  maneuvers  
c r e a t e d  some unce r t a in t i e s   i n   ae rodynamic  model equa t ions .  The a d d i t i o n  o f  non- 
l inear  aerodynamic terms could improve the parameter  es t imates  a t  h igh  va lues  
of the  l i f t   c c e f f   i c i e n t .  
La te ra l  Pa rame te r s  
The results from eight  repeated measurements  under  the same f l i g h t  c o n d i -  
t i o n s  showed t h a t  t h e  mean values  f rom both est imat ion methods agreed i n  g e n e r a l .  
The o n l y  s i g n i f i c a n t  d i f f e r e n c e s  were found in t w o  less impor t an t  de r iva t ives .  
The ensemble s tandard errors  o f  pa rame te r s  ob ta ined  by t h e  u s e  o f  t he  equa t ion  
error method were smal le r   than  those of   the  maximum l i k e l i h o o d  estimates. A t  
t h e  same time, the  ensemble  s t anda rd  e r ro r s  of the  pa rame te r s  from both methods 
were h igher  than  the  s tandard  errors of a s ingle  measurement .  
The c o m p a r i s o n  o f  p a r a m e t e r s  p l o t t e d  a g a i n s t  t h e  l i f t  c o e f f i c i e n t  i n d i c a t e d  
no s i g n i f i c a n t  d i f f e r e n c e s  b e t w e e n  t h e  r e su l t s  of   the  two methods. The s t anda rd  
errors of the  ma in  de r iva t ives  va r i ed  be tween  7 and 1 0  p e r c e n t .  For some less 
i m p o r t a n t  d e r i v a t i v e s ,  t h i s  error was as h igh  as 70 percent .   There was good 
agreement between combinations of the s ta t ic  s t a b i l i t y  and  con t ro l  pa rame te r s  
ob ta ined  from s t e a d y   a n d   t r a n s i e n t   d a t a .  The e s t ima ted  parameters depended 
s t r o n g l y  on the input  form used.  The e f f e c t  o f  power was n o t  s i g n i f i c a n t  w i t h  
t h e  e x c e p t i o n  o f  t h e  i d l e  power regimes. 
Langley Research Center 
Nat ional  Aeronaut ics  and Space Adminis t ra t ion 
Hampton, VA 23665 
January 26, 1979 
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APPENDIX A 
AIRPLANE STATE AND OUTPUT EQUATIONS 
The a i r p l a n e  e q u a t i o n s  of motion are referred to  t h e  body axes.  They are 
based on the  fo l lowing  assumpt ions :  
(1 ) The a i r p l a n e  is a r i g i d  body. 
( 2 )  The stabilator d e f l e c t i o n  e x c i t e s  o n l y  t h e  long i tud ina l  mo t ion  whereas 
t h e  rudder a n d  a i l e r o n s  e x c i t e  t h e  l a te ra l  motion which is coupled 
wi th  t h e  longi tudina l  mot ion .  
( 3 )  There are n o  e x t e r n a l  d i s t u r b a n c e s  to t h e  a i r p l a n e .  
( 4 )  The aerodynamic model equa t ions  inc lude  a lso t h e  e f f e c t  of p r o p e l l e r  
and  have  the  form 
22 
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where 
and where the index o denotes the value of the  coefficient,  output, or input 
variable  corresponding  to  the  initial  steady-state  flight  conditions. 
These  assumptions  allow the longitudinal  state  equations  to be expressed 
as 
ss i = -gw - g sin e + - Ex,o + ck(01 - aog 
m 
- - r  1 
e = q  
and  the output  equations  to be expressed  as 
ax = -(u + qw + g sin 0 )  
1 .  
9 
1 .  
g 
aZ = -(w - qu - g  cos 8 )  (A7 1 
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In the  pitching-moment  equation 
24 
pSC 
= c% + - 4m ma a c 'CZ 
True  airspeed  and  angle of attack  are  computed  from  the  equations 
W 
a = tan-1 - 
U 
For  the  equation  error  method  the  state  equations  were  modified as 
I 
4 
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The lateral equations can be expressed a s  
where 
v =  u + v 2 + w  i :  2 E 
I 
25 
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the index E denotes  the measured quantity. 
The output equations related to the lateral motion have the form 
1 .  
9 
ay = - (v  + uEr - w ~ p  - g cos e E  s i n  @ )  
For the equation error method, the lateral equations were modified as 
26 
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APPENDIX B 
RELATIONSHIP BETWEEN AERODYNAMIC DERIVATIVES AND PARAMETERS 
ESTIMATED FROM STEADY-STATE  DATA 
From the measured steady-state d a t a  of t h e  a i rc raf t  under test 
CL = CL(Cx,h,6trpower s e t t i n g )  
8, = 6e(CL,h,6t ,power set t ing)  
t h e  f o l l o w i n g  parameters for g iven  power and trim t a b  s e t t i n g  can be determined:  
Slope of t h e  C ~ ( c 1 )  c u r v e ,   d C l / h  
Slope of t h e  6, ( CL) cu rve ,  dGe/dCL 
Ah 
and 
where 
VTal = - 
e A6 
CL 
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APPENDIX B 
and  where A6e is an  increment  due  to  change  of  relative  center-of-grav 
position Ah for a given CL. 
i ty 
Using  these  parameters  allows  the  static  stability  and  control  derivatives 
to  be  obtained  from  the  expressions 
-VTa 1 
% e =  - 
1 + -  Hn 
It 
Cmcr = -ChHn (B8 1 
The  tail  contribution  to  the  damping  derivatives  can  be  approximated  as 
where  the  rate  of  downwash  angle  can  be  approximated as 
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a€ 2cLcl 
a, 'TIA 
- m  -
For compar ison  of  the  es t imated  aerodyanmic  der iva t ives  f rom s teady-s ta te  
and t r a n s i e n t  f l i g h t  d a t a  it was assumed t h a t  
The mod i f i ed   e r iva t ives  crtb, and % were computed  from  equations (A9)  
and ( A 1 0 ) .  In   t he   g iven  case for   hc = 0.206 it was found t h a t  C& = -1.015, 
whereas C& = -0.80. However, the   d i f fe rence   be tween C q e  and C i G e  was 
n e g l i g i b l e .  
I n  s t e a d y - s t a t e  n o n s y m m e t r i c  f l i g h t s  t h e  f o l l m i n g  r e l a t i o n s h i p s  c a n  b e  
measured : 
The a n a l y t i c a l  f o r ? s  f o r  t h e s e  r e l a t i o n s h i p s  are developed from equa t ions  (A15) 
to (A17) f o r  = r = p = q = r = 0 and Bo = ba,, = 6 r , o  = 0 as 
APPENDIX B 
I n  t h e s e  e q u a t i o n s ,  
e cos 4 
1 
‘n6 a 
= 
1 ‘ 1  B 
(B16) 
Equations  (B13) to  (B15) also d e f i n e  t h e  r e l a t i o n s h i p  b e t w e e n  t h e  slope 
a n d  i n t e r s e c t  of t h e  l a t e ra l  s t e a d y - s t a t e  c h a r a c t e r i s t i c s  a n d  t h e  l a t e r a l  sta- 
b i l i t y  a n d  c o n t r o l  d e r i v a t i v e s .  
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TABLE 1.- GEOMETRIC. MASS. AND INERTIA CHARACTERISTICS OF AIRPLANE 
Wing : 
Area. m2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  13.56 
Span. m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  9.98 
Mean ae rodynamic   chord .  m . . . . . . . . . . . . . . . . . . . . . .  1.34 
Aspec t ra t io  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  7 .35  
A i l e r o n s  : 
Area. m2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  0.94 
Ha1f.span.m . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1.65 
Vertical t a i l :  
Area. m2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1.36 
Rudder area. m2 . . . . . . . . . . . . . . . . . . . . . . . . . . .  0.43 
H o r i z o n t a l  t a i l  (s tabi la tor  ) : 
Area. m2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2.51 
Aspec t ra t io  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  4.21 
Span. m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  3.25 
T a i l   l e n g t h  (c.g. p o s i t i o n  a t  0.206;) . m . . . . . . . . . . . . . . .  4.21 
F u s e l a g e   l e n g t h .  m . . . . . . . . . . . . . . . . . . . . . . . . . . .  7 .85  
Mass : 
Aircraft  mass a t  take.off. kg . . . . . . . . . . . . . . . . . . . .  974 
Aircraft mass a t  l a n d i n g   ( n o   f u e l ) .  k g  . . . . . . . . . . . . . . . .  877 
N o  f u e l   F u l l   f u e l  
Ix. kg-m2 . . . . . . . . . . . . . . . . . . . . . .  1568  1888 
Iy. kg-m2 . . . . . . . . . . . . . . . . . . . . . .  21 25  2142 
Iz. kg-m2 . . . . . . . . . . . . . . . . . . . . . .  2326  3557 
IxZ. kg-m2 . . . . . . . . . . . . . . . . . . . . . .  140  142 
I n e r t i a :  
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TABLE 11.- CHARACTERISTICS O F  THE INSTRUMENTATION SYSTEM 
Quantity measured 1 Transducer 
Longitudinal acceleration, g u n i t s  
Lateral  acceleration, g u n i t s  Servo accelerometer 
Vertical acceleration, g u n i t s  
Rolling velocity, deg/sec 
P i t ch ing  velocity, deg/sec 
Yawing velocity, deg/sec 
Roll angle, deg ) Vertical gyro P i t c h  angle, deg 
Angle  of sideslip, deg 
Angle  of attack, deg velocity sensor 
Right aileron angle, deg 
Left  aileron angle, deg Control position 
Stabilator angle, deg transducer 
Rudder angle , deg 
Air speed, m/sec Pressure transducer 
Altitude, m A 1  t ime ter 
Air temperature, OC Thermometer 
1 Rate gyro 
I Flow direction 
aWorking range of the channel. 
bbtained as volts per pertinent u n i t .  
CReferred to a reading from the digitized tape. 
Range 
(a) 
-1 to 1 
-1 to 1 
-3 to 6 
-102 t o  102 
-29 t o  29 
-29 to 29 
-90 to 9 0  
-87 t o  87 
-12 to 27 
-29 to 32 
-23 to 1 0  
-10 to 25 
-16 to 3 
-31 to 28 
0 to 75 
-150 t o  2900 
-18 to 38 
Static 
sensitivity 
(b) 
2.54 
2.48 
.56 
.025 
.088 
.084 
.028 
.029 . 1 27 
.124 
.147 
.142 
.263 
.084 
.067 
.0016 
-089 
rms measurement 
error 
(c) 
U n i t  Percent of 
0.001 
,001 
.001 
.12 
.032 
.034 
.10 
.098 
.029 
,018 
.0020 
,0020 
.010 
,011 
.037 
0.0046 
.0050 
.0050 
.20 
.19 
.080 
,077 
.092 
.027 
.019 
.019 
.0061 
.0037 
.009 1 
.89 
0.23 
.25 
.06 
.10 
.33 
.14 
.04 
.05 
.07 
.03 
.06 
.02 
.02 
.02 
1.2 
"" 
"" L""" """ """ """ J 
w 
W 
" ... . .... ... .. . . 
TABLE 111.- DYNAMIC  CHARACTERISTICS OF INSTRUMENTATION  SYSTEM 
Quantity  measured 
Longitudinal  acceleration, g units 
Lateral  acceleration, g units 
Vertical  acceleration, g units 
Rolling  velocity, deg/sec 
Pitching  velocity, deg/sec 
Yawing velocity, deg/sec 
Angle of sideslip, deg 
Angle of attack, deg 
Airspeed, m/sec 
aAt v = 50 m/sec. 
Natural 
frequency, 
Hz 
402 
21 6 
921 
1 27 
(a) 
23 "_ 
~~~- ~~ 
Damping 
ratio 
1.58 
1.10 
1.58 
.64 
(a1 
.085 "_" 
Equivalent 
time 
cons tan t , 
sec 
0.0012 
.0016 
.0005 
.0075 
.0012 
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F l i g h t  
8 
21 
25 
26 
31 A 
31B 
971 
1033 
1050 
1050 
1070 
950 
TABLE 1V.- FLIGHT  CONDITIONS AND AVERAGE MASS AND INERTIA  CHARACTERISTICS 
OF AIRPLANE I N  TEST  FLIGHTS 
16.7 
20.6 
20.6 
20.6 
26.6 
14.7 
i 
L 
I x  I 
kg-m2 
1662 
201 2 
"" 
2032 
"" 
"" 
z2 kg-m2  kg-m 
2206 1 3788 
I 
2242 1 ---- 
I 
2354 ---- 
21  27 ---- 
1x2 I 
kg-m2 
140 
130 
-" 
130 
"- 
"- 
1.076 
1 . lo7 
1.044 
1.083 
1.066 
.989 
1 
i 
Experiment 
Longi tudina l  responses to s h o r t  duration 
pulses :  l a te ra l  responses; V i  - 85   kno t s  
Lateral  responses;  62 knots < V i  < 100 knots 
Longi tudina l  responses; 
62 knots  < V i  < 100 knots  
La tera l   responses :  V i  - 85 k n o t s ;   d i f f e r e n t  
i n p u t  forms and power s e t t i n g s  
Longi tudina l  responses: V i  - 85 knots; 
d i f f e r e n t  power s e t t i n g s  
TABLE V.- ESTIMATED  INSTRUMENT  BIAS ERRORS FROM  STEADY-STATE AND 
TRANSIENT DATA FOR  LONGITUDINAL MOTION 
Parameter 
Mean value 
from steady- 
s t a t e  da t a  
0 
-. 035 
.068 
-.14 
.81 
0 
T L 
" 
L 
~ ~ ~~ ~ 
Estimate from transient  da ta  
 
N o  f ixed value 
0.000 (0.0030) 
-. 022 ( .0067) 
-.01 ( .042 ) 
-.28 ( .078 ) 
.77 ( .063 ) 
.01 ( .0030) 
One fixed value 
b0 
-. 025 (0.0067) 
-.01 ( .042 ) 
-.28 ( .080 ) 
.74 ( .063 ) 
.01 ( .0030) 
aNumbers i n  parentheses  are  Cram&-Rao lower bounds on standard 
errors. 
bFixed value.  
TABLE VI.- ESTIMATED  INSTRUMmT  BIAS  ERRORS  FROM  STEADY-STATE AND 
TRANSIENT DATA FOR ,LATERAL MOTION 
Parameter 
Mean value 
from steady- 
s t a t e  d a t a  
0 
3.58 
.55 
0 
1.59 
0 
Estimate from t r a n s i e n t  d a t a  
No fixed value 
-0.017 (0.0040) 
2.69 ( .042 ) 
.24 ( .037 
.OO ( .OS7 
.88 ( .080 
.008 ( .0021) 
One f ixed value 
b0 
2.69 (0.042 ) 
.26 ( .036 ) 
-.02 ( .057 ) 
.09 ( .080 ) 
.003 ( .0021) 
aNumbers in  parentheses  are Cram&-Rao lower bounds on standard 
errors.  
bFixed value.  
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TABLE VI1.- PARAMETERS AND THEIR STANDARD ERRORS ESTIMATED FROM 
Parameter 
FLIGHT DATA USING TWO ESTIMATION METHODS 
[Flight 25, run 13B; CL = 0.6g 
Equation error method 1 
Est iFa t e  , 
0 
0.0400 
.46 
-. 604 
-4.82 
-1 3 
-. 7 
. 00 23 
-.71 
-27 
-3.3 
Standard 
er  r2r, 
s (0) 
0.0036 
.014 
.0010 
.OS5 
.27 
.21 
.00083 
.045 
2.3 
.18 
Maximum likelihood method 
EstiFate, 
0 
0.0461 
.50 
-.611 
-5.67 
-10.3 
-.6 
.0027 
-. 783 
-26.6 
-3.21 
Standard 
er  rgr ,
s (0) 
(a) 
0.00026 
.030 
.0016 
.057 
.92 
.16 
,00019 
,0074 
.40 
.030 
aCrame)r-Rao lower  bound. 
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TABLE VI I1 . -  PARAMETERS  ESTIMATED E'ROM TRANSIENT  FLIGHT DATA USING TWO 
DIFFERENT AERODYNAMIC MODELS AND THE MAXIMUM LIKELIHOOD METHOD 
F l i g h t  25, run 19B; CL = 1 . 2 4  
Parameter 
T Linear aerodynamics 
3s t iza te , 
0 
0.252 
1.15 
-1.21 4 
-3.44 
"""" 
-33 
-2.67 
-. 0097 
-1.301 
"""" 
-18.6 
"""" 
-3.44 
.19 
.33 
.77 
.43 
.0049 
.087 
i e n s i t i v i t y ,  
1/mjj ,  
percent 
0.17 
1 .o 
.09 
1.3 
"" 
3.1 
3.9 
3.1 
.65 
"" 
.97 
"" 
.56 
"" 
"" 
"" 
"" 
"" 
"" 
Standard 
er Tor, 
?er cent 
0.31 
1.5 
S j j r  
.25 
2.1 
"" 
6.8 
8.7 
6.6 
1 .o 
"" 
2.4 
"" 
1 . 4  
"" 
"" 
"" 
"" 
"" 
"" 
Nonlinear aerodynamics 
I 
Est iFa te ,  
0 
0.251 
1 .17 
-1.238 
-3.22 
11 
-23 
-2.08 
-. 0033 
-1.473 
-4.8 
-1 5.6 
52 
-3.12 
.17 
.24 
.61 
.12 
.0057 
.029 
S e n s i t i v i t y ,  
1 h j - j  , 
percent  
0.11 
1.1 
.04 
.80 
2.0 
3.6 
3 .O 
3.5 
.21 
.66 
.40 
2.6 
.18 
"" 
"" 
"" 
"" 
"" 
"" 
Standard 
error,  
percent  
0.25 
1.5 
S j j r  
.20 
2.2 
9.6 
7.4 
8.2 
17 
1.1 
5.4 
2.5 
14 
.97 
""_ 
""- 
""- 
""- 
""_ 
""- 
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TABLE 1X.- HIGH  CORRELATION  COEFFICIENTS FOR ESTIMATED  PARAMETERS 
USING TWO DIFFERENT  AERODYNAMIC  MODELS  AND THE: MAXIMUM 
LIKELIHOOD  METHOD 
h g h t  25, run 1 9 ~ ;  cL = 1 . 2 6 1  
L 
T 
Parameter 
Correlation  coefficient 
Linear 
aerodynamics 
0.82 
.71 
.83 
"" 
"" 
"" 
Nonlinear 
aerodynamics 
0.66 
.65 
.80 
.64 
.83 
.65 
~ - _ _ _  
" 
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TABLE X.- LONGITUDINAL PARAMETERS ESTIMATED  FROM  STEADY-STATE 
AND  TRANSIENT  FLIGHT  DATA 
Der ivative Steady-state data 
b-5.10 
c-l 8 
-1.04 
d-. 80 
c-30. 6 
-3.26 
Transient  data 
( a  
EE method 
b-4.68 (0.04) 
-1 6 (1 1 
-1.02 ( .06) 
d-.68 ( .03) 
d-27.3 ( .2 ) 
-3.32 ( .04) 
ML method 
b-5.3 (0.1 ) 
b-19 (3 1 
-1.2 ( .2 ) 
d-.80 ( .02) 
d-24.2 ( .4 ) 
-3.32 ( .05) 
aNumbers in parentheses are standard  errors of ensemble mean. 
bFor CL <= 1.0. 
CTail  contribution only. 
dFor CL <= 0.7. 
41 
TABLE X I . -  PARAMETERS  ESTIMATED FROM TRANSIENT  FLIGHT DATA W I T H  
Parameter 
TWO DIFFERENT  INPUTS BY MAXIMUM LIKELIHOOD  METHOD 
F l i g h t  25, r u n  13B 
E s t  i9a te , 
0 
-0.61 1 
-5.67 
-10 
-. 64 
.00027 
'-. 783 
-26.6 
-3.21 
.24 
.28 
.010 
S e n s i t i v i t y ,  
l/m-j-j, 
percent 
0.04 
.57 
6.6 
9.1 
.95 
.49 
.34 
.24 
"" 
"" 
"" 
Standarc 
error,  
percent 
0.27 
1 .o 
Sjj, 
22 
25 
7.1 
.95 
1.5 
.96 
""_ 
""_ 
""_ 
T F l i g h t  8, r u n  14 
&ticate, 
0 
-0.548 
-5.23 
.76 
-1.1 2 
.00093 
946 
22.13 
-3.11 
.15 
2.3 
.018 
S e n s i t i v i t y  
1 h - j - j  t 
percent 
0.27 
.82 
88 
3.3 
32 
1.1 
.93 
.55 
""_ 
""_ 
-"" 
-. ~ ~ . . 
Standarc 
error ,  
percent 
0.38 
1.4 
Sjj, 
" 
161 
6.8 
44 
1.4 
2.5 
1.4 
""" 
""" 
""" 
. .~ " . -  
aEst imates  for hc = 0.206. 
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TABLE X I 1 . -  PARAMFTERS AND THEIR STANDARD ERRORS ESTIMATED F R O M  REPEATED MEASUR-TS 
1 
Parameter 
USING ‘IWl ESTIMATION METHODS 
Equation e r ror  method 
T 
Mean-value 
0 
(a) 
-0.647 
-.04 
.097 
- .OB10 
-. 532 
.16 
-.227 
.015 
.0745 
-.042 
- . 130  
.019 
-.072 
Standard e r ro r s  
S (6) 
(b) 
0.01  2 
.093 
.011 
.0025 
.018 
.040 
.010 
.0051 
.0043 
.029 
.017 
.0087 
.0031 
S (6) 
(C l  
0.0061 
.016 
.0065 
.0025 
.018 
.016 
.0065 
.0036 
.00090 
.0064 
.0059 
.0022 
.0013 
T 1 
Maximum likelihood method 1 
Mean-value 
0 
(a) 
-0.649 
-. 09 
.094 
“0816 
-. 559 
.13 
-.241 
.007 
.0772 
-. 024 
-. 145 
.024 
-. 074 
T Standard e r ro r s  
s (6) 
( b) 
0.0097 
.12 
.014 
-0042 
.053 
.027 
.022 
.0068 
.0055 
.031 
.030 
.0096 
.0073 
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TABLE  XI11 .- PREDICTED VALUES OF PARAMETERS  AND  VARIOUS 
Parameter 
STANDARD ERROR  ESTIMATES 
Est ima te , 
for CL = 0.62 
@p, 
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-. 020 
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s(%) min. 
0.0059 
.025 
.0058 
.0016 
.010 
.010 
.0040 
.0025 
.0015 
.0068 
.0077 
.0028 
.0020 
”
I 
L 
s (GP) max. 
0.010 
.044 
.012 
.0032 
.021 
.020 
.0080 
.0049 
.0023 
.012 
.013 
.0055 
.0034 
. ~- .
T 
.~ - 
~~ 
Standard 
er rcr , 
s (0) 
(a) 
0.0064 
.016 
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aAverage  value for single  measurement, lower bound. 
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Figure 3.- Time  histories  and  standard  errors of residuals. 
Longitudinal motion: flight 25, run 13B. 
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Figure 5.- Time histories and standard errors of residuals. 
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Figure 6.- Measured  longitudinal flight data time histories and those 
computed by using parameters  obtained by equation error method. 
Flight 25, run 13B. 
52 
+ Measured 
Computed 
6e' ($7 + 
+ + +  + 
rad 
+ + + + + + + + +  
I- 
+ + 
Time, t, sec 
Figure 6.-  Concluded. 
+ Measured 
Computed 
L 
8, rad 
Time, t, sec 
Figure 7.- Measured  longitudinal  flight  data  time  histories and those 
computed by using parameters  obtained by maximum  likelihood method. 
Flight 25, run 13B. 
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Figure 8.- Time h i s t o r i e s  and standard  errors of r e s i d u a l s .  Maximum 
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56 
! 
. o * F  s (a,) = 0.0056 g units 
Figure  8.-  Concluded. 
57 
.3 - 
0 Pulse input 
.2 - a Doublet  inpu
cx, 0 Fitted curve 
.1 - 
O =  
0. 
-.4 - 
cz,o -3 - 
-1.2 - 
-1.6 - 
* I I I I I 1 I 
cL 
0 .2 .4  .6 .8 1.0 1.2  1.4 
Figure 9.- Estimated longitudinal parameters from flight data.  Equation 
error method. 
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Figure 9 .- Continued. 
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Figure 9.- Concluded. 
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using equation error and maximum  likelihood methods. 
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Figure 10.- Continued. 
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Figure 11.- Estimated  standard  errors of measurement noise. Longitudinal 
flight data. 
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Figure 12.- Measured  and  fitted  lift  coefficient  plotted  against  angle of 
attack. Acceleration-deceleration levels. 
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Figure 13.- Effect  of power setting  on  relationships of measured  lift 
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Figure 14.-  Measured  and  fitted elevator deflection plotted against  lift 
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Figure 15.- Effect  of power setting on relationship  of  measured  elevator 
deflection to lift coefficient. 
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Figure 16.- Comparison of two  parameters  estimated from steady-state and 
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Figure 17.- Different forms of elevator deflection used i n  t e s t .  
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Figure 18.- Concluded. 
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Figure 21 .- Measured l a t e r a l  f l i g h t  d a t a  time h i s t o r i e s  and those computed by 
using parameters obtained by equation error method. F l i g h t  2 1 ,  run  26. 
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Figure 22.- Measured lateral flight data time  histories and those  computed by 
using parameters obtained by maximum likelihood method. Flight 21, run 26. 
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Figure 22.-  Concluded. 
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F igure  25.- Continued. 
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Figure 25.- Concluded. 
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Figure 26.- Estimated  standard  errors of measurement noise .   Lateral  
f l i g h t  d a t a .  
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Figure 27.- Measured and predicted sideslip angles plotted against bank 
angle in nonsymmetric steady-state flights. 
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Figure 28.- Measured and predicted  sideslip  angle  plotted  against  aileron 
deflection in nonsymmetric  steady-state flights. 
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Figure 30.- Aileron and rudder effectiveness  estimated from steady-state 
and  transient  flight data. 
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